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The Replica-Symmetric Solution without
Replica Trick for the Hopfield Model
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We derive the saddle-point equations for the order parameters of the Hopfield
model in the case of replica symmetry without using the replica trick, but
assuming that the Edwards—-Anderson parameter is a self-averaging quantity.
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1. INTRODUCTION

The Hopfield model is one of the most widely used models of the theory
of disordered systems. It is defined by the usual spin Hamiltonian H, (say,
with the Ising spins S;= +1, i=1,.., N) with the interaction of the form

J=NTY ¢rey (L.1)

=1

where &# are independent identically distributed random variables. In other
words, the interaction is the sum of p modes &* = {&f...., &4}

This model with N-independent p was proposed in refs. [1-13 as a
simple model of disordered spin systems, spin glasses in particular. Later
the same model was successfully used®® as a model of associative
memory, where the random vectors &# with &# = +1 describe the learned
memory patterns.

It is evident that the model defined by (1.1) is a model of the mean-
field type. This fact allows for the rather complete analysis of the model for
finite p or for p <N (say p/N =0 for N - «'®’). However, according to a
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widely accepted point of view (see, e.g., refs. 2 and 14), the Hopfield model
with a finite p does not reflect many important properties of spin glasses
and neural networks and the more realistic model corresponds to a macro-
scopically large number of patterns, ie, p/N=a>0 for p—» o0, N— c0.
In particular it is natural to expect that if «> 1 the Hopfield model is
thermodynamically equivalent to the Sherrington-Kirkpatrick (SK)
model in which {J;} is a family of independent (except for the symmetry
condition J;=J;) Gaussian random variables.

Both models have been extensively studied in the physical literature
and many interesting and important results obtained. However, the main
technical tool of the majority of these findings is the so-called “replica
trick,” which was invented in order to overcome the fundamental technical
difficulty of the theoretical physics of quenched disordered systems.
Namely, since in these systems the self-averaging (s.a.) property (ie.,
nonrandomness in the macroscopic limit) holds for the free energy
fv= —(BN)~'log Z, but not for the partition function Z,, the averaging
procedure E{---} with respect to the random parameters (interactions J,,
external fields 4,, etc.) has to be applied to f, but not to Z,. The former
procedure is as a rule very difficult to perform and the latter procedure is
rather simple even if it is applied to Z%, for n=1, 2,... The replica trick
reduces the former procedure to the latter one by using the elementary
identity In Z=1im,, _, ([(Z% — 1)/n] and a rather subtle continuation of the
sequence E{Z%},_,, to the continuously varying and tending to zero
values of n. It is just the nonuniqueness of this limit"'® that disallows
justifying the choice of the SK free energy.

The replica trick, being a most popular and pragmatically rather
efficient technical tool in the theoretical physics of disordered systems, is
rather poorly understood mathematically. In ref. 4 it was shown that the
simplest so-called “replica-symmetric” solution of the SK model is a
rigorous consequence of the s.a. property of the spin-glass order parameter,
known as the Edwards—Anderson parameter. Thus, at least for the part
of the phase diagram of the SK model where the replica symmetry is
unbroken, the replica-symmetric solution is the rigorous consequence of
the s.a. property, which is easier to understand and which is valid in many
models with a short-range interaction. On the other hand, for the part of
the phase diagram of the SK model lying below the de Almeida—Thouless
line, where the replica symmetry is broken, the rigorous result of ref. 4 is
in agreement with the Parisi theory predicting the absence of the s.a.
property of the Edwards—Anderson order parameter.

The aim of this paper is to prove rigorously the analogous results for
the Hopfield model. The replica-symmetric solution in this model was
found by Amit et al,'"’ who derived the system of self-consistent equations
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for the set of the order parameters of the model, known as the saddle-point
equations. Our strategy is in essence the same as in ref. 4 and is based on
the careful comparison of certain thermodynamic quantities corresponding
to the systems of N—1 and N spins. However, the technical side of our
proofs in this paper is more complicated than in the case of the SK model.
This is not too surprising since, as was mentioned above, the SK model
can be regarded as the limiting case of the Hopfield model.!'”

The general idea is to define the “interpolating” Hamiltonian H(z, 0)
of the system of N—1 spins S,,.., S, with certain parameters t and 0 such
that for 1=, and certain 0 it coincides with the Hamiltonian H, of the
Hopfield model of N spins defined by (1.1) and for =0 it coincides with
the Hopfield Hamiltonian H,_, of N—1 spins S,,..,Sy. Then we
introduce the relative partition function

Tr e—/)H(t.ﬂ)

Tre PHO0 (12)

u(t)=

and study its Taylor expansion with respect to t up to the second order.
The fact that the coefficients of this Taylor expansion have a suitable form
and are s.a. allows us to derive the equations for the order parameters
g, r, m* which are identical to those of Amit eral. in the case of replica
symmetry. We remark that we have to add more terms than the usual ones
in the Hamiltonian (the ¢, and &, terms of Definition 1, Section 2) in order
to prove the s.a. properties of certain quantities and the convergence to
zero of the remainder of the Taylor expansion of wu(r).

The plan of the paper is the following. In Section 2 we give the main
definitions and discuss them, state the main lemmas on the properties of
s.a. and of the Taylor expansion of the function u(t), and, using these
results, derive the saddle-point equations. In Section 3 we give the proofs
of the lemmas.

2. DERIVATION OF THE SADDLE-POINT EQUATIONS

Let the patterns be defined as a set of p random vectors {&X,..., &%},
p=1,., p, whose components are all independent and identically dis-
tributed with values £ = +1 and zero mean. Let also

E={enit

be the set of all these variables and S;= +1 be the neuronal activities
(=spin variables).
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Definition 1:
1 N
th=—m= ) IS,
\/N,;
(2.1)
l N
t=—=) &4S;
‘ \/Ng
Definition 2:
1 14 N N P v
H0=—‘2]—v Y ) CHErSS—e Y hS,—e Y YM* (22)
u=k+1 ij=1 i=1 H=k+1
1 k N k N
Hk)= —— Z Z ERELS. S, — Z gt Z ELS;
2N u=1 ij= ! =1 i=1
H=Ho+ H(k) (2:3)

where {4}, {7} are independent Gaussian random variables with zero
mean and variance 1, E{---} is the expectation w.r.t. £, {A;}, and {y*}, and
{-) is the expectation w.r.t. the finite-volume Gibbs distribution generated
by H.

H is the starting Hamiltonian for our analysis; it differs from the
canonical form of the Hopfield model'"?’ by some auxiliary fields given by
the terms containing &,, €,, &’ (u=1,.., k). These fields are introduced
following the general strategy of statistical mechanics already applied in the
case of the ferromagnetic Ising model in order to study the phase transition
(more exactly, in order to find the spontaneous magnetization in the Ising
model). The presence of these fields makes the canonical Gibbs averages
different from zero for any finite N. Then, after the thermodynamic limit is
done, we send, as in the Ising model, the intensivity of the auxiliary fields
to zero and study the limiting equations. Moreover, let us note that the
terms containing &,, &,, and ¢ will be used below for proving the self-
averaging property of r and m* in the limit N - co and for obtaining a
suitable expression for the coefficient of the second-order term in the
Taylor expansion of the interpolating function u(t) specified by (1.1). The
g, term is also used in order to find an upper bound for the remainder of
the Taylor expansion, which vanishes as N — oo. This is clear from the
proofs shown at the end of Section 3.
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Definition 3:

r=l i (2
p;l=k+!
1 N

9= X <50 (24)
1 N

H=— “ .

mi=g T LS

m* is known as the overlap with a given pattern configuration, g is the
Edward-Anderson parameter, and r is the parameter which takes into
account the influence of the patterns whose overlap vanishes in the limit
N — .Y This corresponds also to the special splitting that we introduced
in the Hamiltonian (2.3) where the patterns which condense [i.e., (m*)>>0
for N = oo ] are separated from the ones which have a “collective” influence
on the memorization process as a Gaussian noise. We cannot consider here
the question of which measure the finite-NV Gibbs distribution generates in
the thermodynamic limit, because it is an unsolvable problem due to the
fact that the random couplings have no decrease property for large distance
among the points.

Definition 4:

[ N P
Hi= =5 S Y eSS e Y hS—s 3 it
u=k+1 i j=2 i=2 u=k+1
k N
Hik)= =50 3 Y 8eSS— Y o % ¢S,
u=l Lj=2 u=1 i=2
H'=H,+ H'(k) (2.5)
) S
=Y e h +—= S
n=1 ' \/N[l=k+l I

H(1,0)=H'— ore

\/— Z 4
where 0= {1,..,1,0', 8% 6° 6% 1,..,1} and the number of | before the 8
variables is k; 1 will be the special configuration of 8 given by 1={1,..,,
L1, 11,1} <>, 4 will be the expectation w.r.t. the Gibbs measure
generated by H(r, 0).

For t=3S, and 6=1, H(r,O)—ﬁ,r coincides with the Hamiltonian
(2.3). It is introduced in the spirit of the cavity method'®’ as an inter-
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polating Hamiltonian between the system with N —1 spins and the one
with N spins. The parameters 8, 6% 6° 6* are introduced for the proof
of Lemma 2.2 below: they will be used in the estimate of the remainder of
the respective Taylor expansion and afterward will be set equal to 1 to
reconstruct the Hamiltonian of the N neurons. In fact the term in (2.5)
which multiplies t represents the interaction between the neuron located at
the lattice site 1 with those of the N — 1 system.

Definition 5:

Tr e—IJH(r.l)
U(T) =In W

The function u(t) is the object to be studied in this paper because it
is the main tool which allows us to derive Eqs. (2.6)—(2.8) below for the
order parameters of the model.

Apart from the normalizing constant, exp[u(t)] is the partition func-
tion of the system of (S,,..., Sy) neurons with the external field introduced
in (2.5). The key point of our method is to compute {S,)> by means of
expl[u(t)] and to obtain a simple expression for u(t) by using the Taylor
formula of Lemma 2.2.

Definition 6. A random variable ¢ is self-averaging (s.a.) for
N—- oo if

E{p*} - E{p}* =0

In this paper the limit N — oo is done sending also p— oo with
o= p/N fixed. « is known as the “capacity” of the network.

Definition 7 (free energy):

1
f= lim —NlnTre"’”

N o
Our result follows from two main lemmas:
Lemma 2.1:
(a) m* is sa.

(b} If in some range of the parameters f, ¢,, ¢,, &, « the parameter
q is s.a., then also r is s.a.

Lemma 2.2. If in some range of the parameters §, ¢,, ¢,, &*, o the
parameter g is s.a., then

B
u(t)=Pr(ar) o+ pr 3 Em*+ U?B*2+ Ry (1)

=1
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where E{R3%(t)} =0 as N - o0,
12 ,
U=]T/§ L =L)™)

and v is a Gaussian random variable with zero mean and variance 1.

The proofs of these two lemmas are rather technical and we postpone
them to the next section. Here we prove the main result, assuming that
these lemmas are true.

These lemmas allow us to start the derivation of the equations for m*,
r, and ¢g. Lemma 2.1 is divided into two parts. The first one does not
depend on the s.a. property of g: it will be shown in Section 3 by taking the
derivative of the free energy w.r.t. ¢*. The second part is interesting by itself
and not only for its applications: it shows in fact that there is a hierarchy
in the s.a. property: once q is self-averaging, r is also s.a. In this way we get
that the central limit theorem holds for the sum of random variables which
appears as the first term in the formula for u(r) in Lemma 2.2. The main
points to show in Section 3 are the proof that U has the form given in
Lemma 2.2 and that the remainder R, () goes to zero in probability when
N — 0.

Theorem 1. Iffor fe(fy, o+ ), &), &5, €¥€(0, 8), x€ (g, 0ty + b),
the parameter g is s.a., then in the limits N — oo, p —» o0, p/N - a, ¢, -0,
g, — 0 taken in the prescribed order, we have

- =E{J dv exp(—v°/2)

.
a7 & tanh f l:(otr)”2 v+ Y (m*+et) C‘,‘H (2.6)

u=1

- q _ 2.7
"=U—F+pa) 27)

2 k
q=E{j d——“’(‘;’i;/’_j /2)tanh2ﬁ[(ar)”3v+ y (m“+e“)é“]} (238)

=1

Remark. The order of the limits in Theorem 1 cannot be inter-
changed because in the bound for ER% (1) we get a term &, *o(1), N - oo.

Derivation of Formula (2.6). Since m" is s.a. (u=1,.., k), then for
N->

N

m“=E{C§'<Sn>}=E{% 2 5;‘(Si)}+o(l)

i=1



1168 Pastur et al.

The expression for {S,;) can be obtained from Definitions 4 and 5 and
Lemma 2.2:

eu(l)+ﬂ/7. — g¥t= D =B

. ‘
(8,>= - —=tanh 8 [(ozr)”2 v+ Y, (m*+eh) é"] 2.9)

euH)+/3h| + eu(—l)—ﬂhl

p=1

Since, as we will see in the proof of Lemma 2.2, v is obtained as a sum of
iid. random variables {£{}”_,, then the expectation over ¢ implies an
average w.r.t. v whenever this variable appears. Applying this argument to
(2.9), we get formula (2.6).

Derivation of Formula (2.8). According to (2.2)-(2.4) and the
hypotheses of the theorem,

0=E{3 z<s>}+o(1>=E{<S.>2}+o<1), N oo

i=1

Inserting (2.9) in the last equation, we obtain (2.8).

Derivation of (2.7). Let us start from the study of the quantity U
defined in Lemma 2.2 above:

1 > 2 = M 1
E{N,Z:x (") >}— { Ell+\/—“§é (St >} (2.10)

Let ¢ be a function only of the spins S,,.., Sy. We use the identity

<‘P>+1 . e{u(l)+/!ﬂ|}_ <<p> 1 le:u(—n-m‘,.;
e{u(l)+lﬂ_l|}+e-:u(~—l)—lfl-1|}

(S, =

where (->,,,, {(->_,, were specified in Definition 4. According to this
identity and (2.10),

£y ;. |

+ E (dufdr)|,_, eV +F) _ (du/dr)|,_ _, e'v= DB
B }

Now, using Lemma 2.2 and the Griffith lemma on the convergence of the
first derivatives of convex functions [note that u(t) is a convex function],
one can obtain that in the limits N — o0, p —» o0, p/N - «, &, , = 0 taken in
the prescribed order,

e{u(l)+/ih|,+e.u(—ll filyy
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{ (@) v+ 5 &+ UBY e~ [(ar) v+ 55 Ehm*= UP] e-C}
a+ E =

eC+e €

=a+E{[(ar)”2v+ Z é‘l‘m"] tanh C}+U,B (2.11)

where

k
C=,B|:(ozr)”2 v+ Y (m"+e") C‘{]

u=1

Using the same arguments and the identity

<(p>=<(p>+].le:u(l)+ﬂzl}+<(P>Nl“e{u(—l)—[3/~”}
e{"“HM'}+e<"‘_”-/”—'l)
we obtain
“fh 5,0
u=1
S (SO = 3 B et >}
{ =1 \/_“_]
g s L p sy Dy € T 4 ()] e
=oq ﬁ 1 e{u(])+lm|}+e{u(_]),ﬂﬁl}

B
—>aq+E{<S,) l:(ozr)”2 v+ Y m“é‘l‘]}+ﬁUE{<S,> tanh C}

=1

and using (2.9), we have for &, , —» 0

Ely Loy

k
=aq+ﬂUq+E{[(ar)”zv+ Y m“f‘,‘] tanh C} (2.12)

=1
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Now, subtracting (2.12) from (2.11), we find that
U=a(l —g}+ pU(1 —¢q)
or

a(l —gq)
= 2.1
U=1"hi-9 (213)

In order to derive Eq. (2.7) now it suffices to take into account that

r== 3y (")
n=k+1
1 Z k
= L B (e

N
k k
[aq+ﬁUq+E{((ar)'/2v+ Y m“é‘,‘) tanh C}— Y {m"}z]

p=1 =1

Therefore Eq. (2.6) yields

1 (d —v*/2 2
r=q+qu+&f—v%/——)(m)“'vtanhC
B dv exp(—v?/2) _2
—q+;Uq+ﬂr{j‘W‘C°Sh ¢

=g+5ugtpra—g)

Inserting the expression of U from (2.13) in this formula, one gets (2.7).

3. PROOFS OF LEMMAS 2.1 AND 2.2
Everywhere in this section we will use the notation
<AB>§'OE (4—-<4 >;.0) B);,o

where (---> 4 was introduced in Definition 4.

Before starting the proofs, we sketch the general strategy used in this
section. The order of the lemmas is difficult to optimize and so we have
chosen a scheme of proof which we want to explain before starting to go
through it.
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(a) The remainder R, (t) in Lemma 2.2 is decomposed into the sum
of three terms:

R=R,+2R,+R,

In Lemmas 3.2-3.4 we demonstrate that these terms go to zero as N — oo.
The result of Lemma 3.1 is used in Lemmas 3.3 and 3.4 in order to bound
R, and R; by a quantity which goes to zero as N — co. Lemma 3.1 is
shown using a formula obtained by integration by parts with respect to A;
as in ref. 4 and by starting from s.a. properties of the derivative of the free
energy w.r.t. ¢,. Since Lemma 3.1 is used many times we put it at the
beginning of this section.

(b} The proof of Lemma 2.2 is a based on Taylor expansion of u(7)
and the s.a. property of r and m*. We also use Lemma 3.5 in order to
express the quantity U introduced in Lemma 2.2 in terms of the usual
Gibbs measure (- ) instead of the less comfortable one -5, ,.

(c) The proof of these last three facts is shifted to the end of
Section 3. First we prove Lemma 3.5: the proof of this lemma is reduced to
the proof of the s.a. of r, which is given at the end of the section. Also in
this case we start from the derivative of the free energy with respect to ¢,.

Lemma 3.1. If g is s.a. and ¢} are defined as in (2.1), then

1
N2

S(C)EE{ i (i‘,‘i}')gvl}—»O (3.1)

pmoyv=1

as N - oo and also

el £ i) <sn-o

Proof. From ref. 4 we know that if ¢ is s.a., then

N
E{#}: <S,.S_,.>g‘,}_,o (3.2)

]

as N - co. Let us set Q= <5,S;>,,. Then for

1
‘I"fﬁ
m

1l

crer

M

we have, in view of (2.1) and (3.1),
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| QR N
so-£{s & T maaa

=1 iz jiji=2

X <Si| Si3>0.| <S_i| Si:>0-l}

_E{NZ Z Jll 1|Jn szlll')le /1}

i i

= {]\llzTrJQJQ}

e,
1

s_

E{|lJI Tr QJQ}

Tr J'2QJQJ '/2}

E{}JI* Tr Q*}

1
<const 5 E{Tr Q*}
Here we have used the result of ref. 6, which implies that
Prob{||lJ] > (1 +/a)2 + &} el ~Me"N¥*) (33)

where M does not depend on ¢ and N. Therefore everywhere below we will
use the inequality ||J| < const. Now using (3.2), we get that

S(0) -0, N—w (3.4)
But
1 2
SQ)= E{szm Z (e = ")(IY—C"»EJ}

ot uov=1

1 »

SE{N_: Z U (XA >o|)>sl}

pov=1

Cexp[(LE, et BY/NTYE,
1 2 . Lk 2
v (e (SRE))

- 22 )

E{u/NZ)z;:_\.:, <ty expL 5, E1ABYV/NDDG }
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Here we have used the Jensen inequality

! -1
{ASon S A7 0

for the derivation of the last expression. Now since (-, , does not depend
on {&4} we can average the r.h.s. of Eq. (3.5) over {£/} and then, using the
property

1
NZ’”L“‘Z RSN Y| (3.6)

n ij=2

obtain that

aasE{'

P
v 2./
N2 Z <"1‘t|>(2).|elw ! "}

pov=1
P

SEW{%EZ

pov=1

< S8'2(0) - const

uw»a}E“HmFHW“H

where we have used (3.3) to bound E2{|lJ|? ¢’ /1), Now on the basis
of (3.4) one can obtain (3.1). Lemma 3.1 is proved.

Proof of Lemma 2.2. Using Definition 5, we get the following
Taylor formula for u(t):

u(x)=w(0) 7+ [ dLw(@)e=0)

= g\/‘ o0+ Bt ﬁg, njﬁ<t“>01

P ey
+ﬁ2f (=0 X éé GTIPIR 3.7

=1

By Definitions 4 and 5, {t} ), , is independent of £{ and one can apply the
central limit theorem and Lemma 2.1 to the second sum in thr r.hs. of this
formula, getting for N — oo a Gaussian random variable v with zero mean
and variance:

z%&éﬂj%awmy}w, R

822/74/5-6-15
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In addition, by Definitions 1 and 3 due to the s.a. of m*

1
~ﬁ<”1‘>0‘,=m’1"-+-o(l), N-ow, u=1,.%

we obtain the first two terms in the expansion of Lemma 2.2 for u(t).
Now we consider the last term in (3.7). We first study the sum with
two different indexes:

P éﬂf‘
R= Y N (D1 =R +2R,+ R, (3.8)
uv=ILu#v
where
k v
é“é
R, = Z <"l‘tl>gl
o=l
k P é:é
R,=> ¥ T<t“"‘>"
n=1 v=k+1
2 EHET
R;= 2 lN 1D

nwv=k+1l sty

Lemma 3.2:

lim E{|R,|}=0
N— o

Proof:
k
E{|R1]}<E{ > |<f“f‘i>;,1|}
;1,\’=l,}l#‘
k k )
sE{EIN((f‘,‘)');,.}
k F3
=E{£2N“§l'y“<r‘{>g I}
kX .
=F {82N3/2 igz <Si>(-l ”Z=:] ‘)y”éh}
k 12 ad <Si>2} 112{1 AL RER) }
LR P A TP
< k32 (3.9)
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Here we have used the Schwarz inequality and the formula

E{yo(y)} = E{¢’(v)} (3.10)

which is valid for any Gaussian random variable with zero mean and
variance one. Lemma 3.2 is proven.

Lemma 3.3:

I =
Jlim E{|R|} =0

Proof. By the Schwarz inequality we have

k

1 o
B(iR ) <E{ § LicHi]

wv=1

N
xE”-{ ¥ N<<z;)2>;,,+|R31} (3.11)
v=k+1

But according to (3.9), the first factor in the r.h.s. of this inequality has zero
limit as N — co. In addition, according to (3.6) and (3.3), the sum in the
second factor is bounded. Finally, as it will be shown in Lemma 3.4, we
have that

lim E{R3}}=0

N—

Combining these facts with (3.1), we obtain the lemma.

Lemma 3.4:
lim E{R3}=0
N— o
Proof:
5 14 élllc\'léﬂzé\'z e A
E{R§}=E{ Z %(t‘ll[ll>l.l <"|"1‘>;,1}

BB VLRI A VD

p r .
=E{ Z ...}+2E{ z ...}+2E{ Z }
Hy#E o # v FE v Hy=p2, v # V2 HyUFEp2 v =2

= E{X|}+2E{Z,} +2E{2;}

Let us consider the first sum in the r.h.s. of the last equality. The other
sums can be estimated analogously. Since the Hamiltonian is symmetric
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w.r.t. the indices of the patterns p=1,.., p, we can consider the case
wi=1+k, u,=2+k, pu;=3+%k, us=4+k and multiply the term by a
factor (p—k)p—k—1)(p—k—2)p—k—3)<N%* Thus we have to
estimate

E{Z,} = E{N?¢\* 120 28 T ) (T D) (312)
It is useful to introduce the function
Y(O)= (T2 o KV e
Then
E{G et ()
0%y (8)

1
— 1 2 3 4 rhk+1rk+2gk+3rk+4
_E{L 4O db® O d* ¢k 1k 2k Ik e

} (3.13)

All the terms in the r.h.s. of (3.13) which have at least one of the variables
6'=0, i=1,.., 4, give a zero contribution to the expectation because of the
independence of the £/ From Definition 4 we have the identity

Cf'+k a
ag:< > 8= \/"ay:+l.< >96

for i=1,.., 4, which together with (3.12) gives for (3.13)

4 4
E{Zl}=§—4jl 40" do? db° d94E{ EAC) }
20

a,yk+l a,yk+2 ayk+3 8}’k+4
Using formula (3.10), we have
¢
E{Z\} =% db'db? ab* o
€570
xE{yk+lyk+2),k+3 k+4<1k+1t/lc+7> e <il;—+3t'/l\-+4>{‘0}

¢ 2
\B_4El/7{( k+l),A+ yk+?yk+4) }
2

xj d6" do? d6? do* E'2{ (it +1ik+ 22 (ik+Ik AN 1 (314)
4]

We will concentrate now on the estimation of the quantity

ke LkeINZ ka3
E{CHT T2 g KT D =D
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It is useful to rewrite the quantity D in the following form:
D=E{<tlf+l_<’l;+l>;.l)(’ll(+z_<’}:+2>;,1)>§.0
X (53— 2 W =4 1)) E e + Diff}
= 4 + E{Diff} (3.15)
where Diff is defined by
lef <tk+ltli+2>go<tk+3 k+4 fo
_<("I;+l_<tll{+l>;.l)(tl{+2_<r/;+2>;,|)>§,o
XU = A WA =KD D8 (316)
We will start by estimating 4 from (3.15). We use the identity

) exp[(ﬁé/ﬁ) 2“_1 (0,— 1) EXF 34Ty |
<(p>;.9" x+k,a+k
CexpL(BL//N)TE_ 1 (8,— 1) &35 157>,

(3.17)

and the bound

exp(—4ﬁ)<exp[ S (6, 1)57+*t7+*]<exp(4ﬁ) (3.18)
\/— x=1
which follows from the simple estimate

l N
7=];,Zc?5.-‘<1

’ 1

—t
NG
Combining (3.17), (3.18), we have

4 < const - E{< i Texp [\/—}_:l (6. _1)§1+kt7+/\:|>c,1
x<t-k+3ik+4exp|:£ i (0 —])€a+k[“+k:|>2 }
: l \/N:z=l ) l l ot

In the second factor of the r.h.s. of this inequality we use the bound (3.18),
while in the first one we use the elementary inequality

le* —1] < |x] e
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and again the bound (3.18). We get

A<SE{CHT L AT

4 4

+const-E{ <[i"+'|'|ik+2|—>- U154 8 }
1§] 1 1 \/]T/ o1 1 1 [
=D, +D, (3.19)

Given the symmetry w.r.t. the indexes u>k+1 of the expectation
E{<->,,}, we can estimate D, as follows:

1 - . .
Di<Efae T iy, Ciipl- i)
Yo H4

But according to the Schwarz inequality and the relations (3.3) and (3.6),
which hold also for i%, we have

1 . , 1 , 2 s
e Y L ‘[”1"‘|>§.1<|:NZ «“.‘)2);.:] <2 ||J]|* < const
m

HI HA

Therefore on the basis of Lemma 3.1

D, <const - E{% > (i‘l"i‘,”)g',} -0
My, 2
as N - oo.

Now let us find an estimate for the first term in the sum over o of
{3.19); the other terms can be estimated similarly. First of ali, using the
symmetry of E{{-).,} W.rt. u;, we substitute one term with the sum over
Ui, U2y M3, Us and then estimate the sum over u,, u, as we have done for
the second term by using (3.6) and (3.3). We observe also that we can
interchange the factor r¥** with #{** in the definition (2.5) of H(t,0)
and the above derivation still holds since this change corresponds to a
subtraction of a constant in the Hamiltonian (2.5). Thus

I i w :
E{FEK"' |.|n|ﬁ>}
1 .y
SE{F%:. i)y an}
<EV{JI?} BV {NL 5 <(z";*)2><(i‘;1)2>}

LRy

2 1 212
SEY{|JI*}E? {FZ <(f‘1‘)‘>2}
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Here we have used (3.6) to estimate (1/N)}, (4)* and the Schwarz
inequality in the form

(depf)zsjdxpfz, dex=1

Now since Lemma 3.1 implies that the r.h.s. of the last inequality has zero
limit as N — oo, we have proved that 4 — 0 as N — co. Let us now consider
the expression (3.16). It has the form

E{A*— B’} <E'*{(A- B)*} E'*{(4 + B)*}

It is easy to bound the factor E'?{(4 + B)*} by a constant as in the case
of D, or D, in (3.19). Therefore we have to estimate
E{(A= By} =E{[<HTH 2o KD 0
"<(t,r+l_‘<r,;+l>;,|)(’l;+2_<tl;+2>g_|)>;_0
X 53— W = )0 e 1P}
sE{((’f“);.e_<f§+l>;.|)2}'ConSt
Here we have used once more the symmetry of E{{->},, wrt. u=k+1

and the bound (3.6) with the estimate (3.3).
Thus

E{Difl} SE{({5* "D 6— <’/;—+1>“)2}
1 d 2
=const - E'? {(L dlgi f! >;,o(;.)) }: C

where 0(2) is the vector defined as 0 (see Definition 4), but with 6/(1) =
1+ 4(8'—1) for i=1,.., 4, which interpolates between the vectors 0 and 1.
Using this notation, we obtain the bounds

c<e{|[[an 3 e, u.)]z}

a=1

=E'? “l Ll dA di, C_j\;
0

4
cxa kK - _
x Y KT ’li+l>;.e(;,)|'|<t?'+k’l;+l><:.eu.)|}=Q

%% =1
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Now the identity (3.17) and the bound (3.18) imply

0<E™ {% 3 Gtz

=1

<const - E'? {C 2 LETR T, } (3.20)

a=1

Inserting this inequality in the formula for C, we get

4
Céconst-E”’{ Y T, CETY? >;.1}

1

<const- E'* {( >2i (E7T5)? }EIM{<("I;)Z>§.|}

1 cira
<const - E'? {ﬁ <(t'{)'>§’,}

1
< const - E'/? {—,

e <(t'7)2>§,,} (3:21)

p=1
The inequality (3.21) has been obtained by using repeatedly the symmetry
of the expectation w.r.t. the indexes y. By Lemma 3.1 we have that the
quantity in the r.h.s. of (3.21) goes to zero. Thus Lemma 3.4 is proven.

In order to finish the proof of Lemma 2.2, we have to establish the
following result:

Lemma 3.5:

}=

Proof. The s.a. of the free energy of the Hopfield model for fixed a
and any value of § has been proven in ref. 6 using a martingale technique'®’
analogous to that used in ref. 4. This property and the Bogolubov
inequality"® imply that

. 1L 12
lim E{lﬁ Y Ay —y Xy

N— o n=1 p=1

lim E{‘f(HN_,+\S—/]_VZé“t"> F(Hy) }=0 (3.22)

N—x
"

Now we observe that (1/N)X/_, ((t")2>;.l can be obtained as a linear
combination of the first derivatives of the free energy with respect to £, ¢, ,,
and ¢ Since the free energy is s.a., then its derivatives are also self-
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averaging'>’ and we have the s.a. of (1/N) X7 _, {(1*)*>.,. From this fact
we get that
f-o

P

PIRCLO

!

l i 12 l < 12
SE{’N“Z @ >;..—E{N X <) >;‘,}

=1 =1

lim E{’%{i <(zﬂ)2>c,,—l

N—=x =1 N

However, we can write

1 2 5 1 2 a2
Eﬂ]’vﬂz <(’ ) >;,|_N Z <(f ) >

=1 p=1

d 2 l 2 2
£{5 £ comal-elg £

;

The first and the third terms of (3.23) tend to zero as N — co0. In view of
the above argument the second term in (3.23) also tends to zero because
(3.22) implies that the two sequences of free energies have a common
limit. Since the free energies are convex functions and their derivatives
are continuous for almost every value of the parameters, the limits of the
derivatives of the two sequences are also equal almost everywhere as a
consequence of general properties of sequences of convex functions. Let us
prove now the convergence to zero of
f-o

1 A PN
E{N%“ >;_.—X,§<t>

From (3.22) and the above arguments on the derivatives of the free energy
it follows that

1
E{%% 7’“<t“>;.1}_E{N%:}”‘<'”>}

=E {% (Z L))o= <5201 = X X)) - <t“>2]>}
' ‘ (3.24)

The Lhs. goes to zero as N — oo because it can be obtained as the
derivative with respect to ¢, of the free energy. Thus we get

I

+ N
1 2 5 1 2 o

+ ‘N,Z:l (") >_E{N Z () )}’} (3.23)

=1

1 , | ,
E{N§<f“>s..—ﬁ§<r“>-}~0 (3.25)
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If now we write the analog of the formula (3.23) for 3, (#*>* and use the
same argument, we get finally that
f-o

If (1/N)X, (t“)f‘, is s.a., Lemma 3.5 is proven, since this self-averaging
property will be shown in the proof of Lemma 2.1.

1 L
E{‘le <t“>g.,—ﬁg {my?

Proof of Lemma 2.1:

(a) m* p=I,.., p, are s.a. because the free energy is s.a.,'® and

because these quantities can be obtained as derivatives of the free energy
w.r.t. ¢* and the derivation conserves the s.a. property.*’

(b) Using again the property of s.a. of the free energy and its
derivative w.r.t. ¢,, we have

1 , (1
A=E{FT L (FIrens,

1
—E{—A;%y"(t”%‘,})}—»O (3.26)

as N — co. Integrating by parts with respect to y* in (3.26), we obtain
2 M MY v
A=pE Fz Y KD K00y
v

I R 1 !
+BE {_]\-’% <t“>E,| [ﬁz‘: <(")2>;,|

efizand]

—pe{[Fzemn-efyramnt]} e

I

According to Lemma 3.5, (1/N)Y, <(¢’)*>,, is sa, so that the second
term in the r.hss. of (3.27) has zero limit as N — co. So from (3.27) we
obtain, as N — oo,

ez eonefbzan])

1 -
=2E{FZ(N‘>;_, (t‘,‘t‘,'}c_1<t">;‘|}+o(l) (3.28)

v



Replica Symmetry 1183

But by the Schwarz inequality

{Nzi IR IITRS >g1}

v

1 - 1 ‘ v
<E1/2 {FZ <rl|‘t‘|>?']}El/2 {FZ <[‘ g_l <t >g.l}
ny

v

< const - E'? {NZZ G } (3.29)

7Ry

Since according to Lemma 3.1 the r.h.s. in the last inequality has zero
limit as N — oo, (3.28) and (3.29} complete the proof of Lemma 3.5 and
also of Lemmas 2.1 and 2.2.
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